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Time Value of Money *

This topic introduces you to the analysis of trade-offs over time.
Financial decisions involve costs and benefits that are spread over time.
Financial decision makers in households and firms all have to evaluate
whether investing money today is justified by the expected benefits in
the future. They must therefore, compare the values of cash flows at
different points in time. To do so requires a thorough understanding of
the time value of money concepts and discounted cash flow techniques
presented in this topic. This topic, therefore, shows you how to value
cash flows. Understanding how to value cash flows is a fundamental
skill that will be used throughout this unit and the remainder of your
studies in finance. We first look at how to value a single cash flow and
introduce the important ideas of compounding and discounting. Next,
we consider how to value a stream of cash flows and discuss perpetuities
and annuities. Finally, we explore how to value cash flows when i nterest
rates have different compounding frequencies.

At the end of this topic you will:

¥ Explain the difference between simple interest and compound interest

¥ Calculate the future value of a single cash flow

¥ Calculate the present value of a single cash flav

¥ Calculate the interest rate implied from present and future values

¥ Calculate future values and present values of investments with
multiple cash flows

¥ Calculate loan repayments

¥ Explain how interest rates are quoted

¥ Calculate equivalent interest rates for different compounding period s

¥ Demonstrate the use of timelines in time value of money problems
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1 Money has time value

Would you rather receive a dollar today or receive a dollar in one year
from now?

Obviously, you would prefer to receive the dollar today. The
assumption implicit in this common sense choice is that having the use
of money for a period of time has value. The earlier receipt of an amount
of money is more valuable than the receipt of the same amount of money
in the future because you can deposit your money today into the bank
and earn interest, and thereby get back more money in the future. We
call the difference in value between money today and money in the
future the time value of money. This is one of the most important concepts
in finance.

The time value of money concept refers to the fact that money received
today is worth more than the receipt of the same amount some time in
the future.

The fact that money has time value means that it is meaningless to
compare or combine cash flows that occur at different points in time. To
compare or combine cash flows that occur at different points in time, you
first need to value them at the same point in time. This means that
arithmetic statements like C, +C_and !.-!, make no sense’ But the

following arithmetic statement does make sense:

v,(c)+t. (#)

where: #, ($.) is the value at dateu of ", and #, ($. ) is the value at date
uof",.
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The important point to note here is that both cash flows are valued at the
samepoint in time , u.

In the following sections we will go into considerable detail analysing
how to value cash flows that occur at different points in time .

2 Setting up the cash flows and the time line in a financial
calculator

It is important to fully understand the workings of the following five
buttons on your financial calculator:

E = number of payment periods
@ =  effective per period interest rate
PV = presentvalue

PMT = recurring periodic payment

FV = future value

These five buttons allow you to enter and value cash flows using a
conceptual time line.

Note that the [I%YR] button interacts with the number of periods per
year, [P/YR], button. | recommend that you set the |P/YR] button to 1.
Other buttons to understand are [BE and [END]. At this stage, you
should set your financial calculator to w mode.
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We will adopt the following conventions in setting up time lines:

(a) Cash flows occur at the end of each time period (unless
otherwise stated);

(b) Cash outflows are entered as negatiwe (-ve) values;

(c) Cash inflows are entered as positive (+ve) values;

(d) Today is represented by t=0;

(e) The compounding period is the same as the payment period.

The picture below should give you the idea.

Figure 3.1

> "#$%!
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3 Valuing a single cash flow

We begin this section by calculating the future value of single cash flow.
We then proceed to calculate the present valueof single cash flow and
review the relationship between future and present values.

3.1 I"#"$%&'()"%&(*+&,-./-"*+0*1 &

Future value is the amount of money a cash flow will grow to at some
time in the future by earning interest at some interest rate. The process
of calculating the future value of a cash flow is known as compounding.

For example, suppose you deposit $1,000 into a bank account for two
years. If the effective annual interest rate is 10%the future value of that
deposit at the end of year oneis:

!llﬁ$$! Il%:!ll#$$#
and the future value of the deposit at the end of year two:
!ll%$$! Il%! Il%z!ll%$$! II%&:!IIﬂI$OI

Notice that the future value of $1,210 can be broken down into three

components:

¥ The original deposit of $1,000.

¥ The interest on this deposit of $100 in year one and another $100 in
year two. Theinterest on the original deposit is called simple interest.

¥ In year two you also earn interest of $10 on the $100 interest you
received in year one. The effect of earning interest on interest is
known as compound interest.
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In general, given a per period effective interest rate r, the future value,
FV,in t periods of a cash flow C, to be paid or received today, is

= ()

Notice that !" , depends upon (is a function of) !,

rand t. If any of

these three were to change, so would! " ...

"#$%&' (#)*"+$,! Q7'9!7'<<%-8!9*! | "#!'8!
r—ol,
| > ool

Example 1:

Problem

You deposit $687,436.81 into a bank account for 7 years. The relevant
effective annual interest rate is 5.5%. How much money will be in your
account at the end of 7 years?

Solution
The future value of your deposit is:

FV =$687,436.81! 1.055" =$1,000,000

To solve this problem with your financial calculator you would do the
following:

Background settings: 1 P/YR, END MODE. Then input the following:
N=7,1%YR =5.5,PV =-687,436.81, PMT = 0 and ask for FV.
Answer: $1,000,000

Notice that when using a financial calculator, we enter the amount
invested as a negative. This is because this is an outflow of cash.
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So in this example, we have a cash outflow of $687,436.81 today and a
cash inflow of $1,000,000 7 years from today.

Also notice that when using a financial calculator we enter the interest
rate as a whole number rather than a decimal.

3.2 Present value and discounting

The calculation of a present value is the reverse of the future value
calculation. When calculating present values we are asking Owhat
amount would we need to invest today to have a certain amount in the
futureO. The process of calculating the present value of a future cash
flow is known as discounting.

For example, suppose you want to have $1,000 two years from now and
the effective annual interest rate is 10% The amount you must invest
today is:

" #55$

n %&

=1 & 9+0

Thus, if you invested $826.45 fortwo years at an effective annual interest
rate of 102 it would grow to $1,000 at the end of year two.

In general, given a per period effective interest rate r, the present value,
PV, of a cash flow C, to be paid or received in t periods from now is:

Notice that PV depends upon (is a function of) ! .! r and ¢. If any of these

three were to change, so would PV.
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To think about: What happens to PV as
rr

Example 2:

Problem

Someone promises to pay you $1,000,000 7 vyears from now.’ The
relevant effective annual interest rate is 5.5%. What is the present value
of this promise?

Solution
$1,000,000

= $687,436.81
1.055

The present value is: PV =

To solve this problem with your financial calculator you would do the
following:

Background settings: 1 P/YR, END MODE. Then input the following:
N=7,1%YR =5.5, PMT =0, FV = 1,000,000 and ask for PV.
Answer: $687,436.81

Notice the PV is negative. Again, this reflects cash flow time line of this
particular example. In order to receive $1,000,000 in 7 years, you must
pay something today. So inputting the positive cash flow of $1,000,00 as
the FV means the calculated PV must be an outflow.
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3.3 Some more thoughts

In sections 3.1 and 3.2 we looked at calculating the future value and
present value of cash flows. The essential deas from these sections are
captured in the formula relating future value, present value, the effective
per period interest rate and the number of periods:

= (1)

Given any three of the variables in this formula, we can find the fourth.
For example, the present value is calculated as:

On many occasions in this unit (and indeed in other units) we will be
interested in computing the effective per period interest rate from known
PV’s and FV’s. Using either formula above, we can solve for the effective
per period interest rate, r:

In %L
|:# #$&| "

fost &
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Example 3:

Problem
Using the answers from examples 1 and 2, let’s show that the effective
annual interest rate is 5.5%.

Solution
It should come as no surprise that the effective annual interest rate here is
5.5% as this is the interest rate used in both examples so let’s show this!

We have ! =#W§

To solve this problem with your financial calculator you would do the
following:

Background settings: 1 P/YR, END MODE. Then input the following:
N=7,PV =-687,436.81, PMT = 0, FV = 1,000,000 and ask for 1% YR.
Answer: 5.5
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3.4 Net present value and internal rate of return

In the previous sections, we converted cash today and cashin the future

using the effective per period interest rate. As long as we convert costs
and benefits to the same point in time, we can make a decision. In
practice, we prefer to measure values in terms of their present values
since this is equivalent to cash today.

When computing the value of a cost or benefit in terms of cash today, we
are referring to its present value. Similarly, we define the net present
value (NPV) of a project or investment as the difference between the
present value of its benefits and the present value of its costs:

LI (M%) L 1M (HSH)!

In this context, the benefits are cash inflows and the costs are cash
outflows. If we compute the present value of all cash flows, we can also
write this definition as

g (MIHS%RHS 1HEY

Because NPV is expressed in terms of cash todayit simplifies decision
making. As long as we have captured all the costs and benefits of a
project or investment, decisions with a positive NPV will increase
wealth. We capture this this logic with the NPV decision rule:

Accept a project/investment if its NPV is positive. Reject a project/investment
if its NPV is negative.

To summarise, NPV measures the dollar change in your wealth as a
result of your choice. So accepting a positve NPV project/investment
increases your wealth. Your wealth would decrease if you accepted a
negative NPV project/investment. Hence, a rational individual would
reject a project/investment that has a negative NPV.
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Example 4:

Problem

Suppose a $100,000 savings bond maturing in 5 years is selling for
$75,000. Your next best alternative for investing is a bank account
offering an effective annual interest rate of 8%. Is the savings bond a
good investment?

Solution

The initial investment of the savings bond is $75,000. This amount is
paid today so there is no discounting to be done here. The present value of
the cash flows generated by the savings bond is simply the present value
of $100,000 to be received 5 years from today. The relevant interest rate
to discount the $100,000 is the rate that the money could earn if it were
not invested in the bond.

In general, for the NPV calculation of any investment, we use the
opportunity cost of capital as the interest rate. The opportunity cost of
capital is simply the rate we could earn somewhere else at the same level of
risk as the investment under evaluation. In this example, the opportunity
cost of capital of investing in the savings bond is the rate we could earn if
we put our money in the bank instead — 8% per year in this case.

So in this case the NPV is:

$100,000 _

NPV =1 $75,000+ — =1 $75,000+%$68,058.32="! $6,941.68

Notice that the present value of the inflow is less than the initial
investment. In other words, the NPV of this investment is negative. We
therefore conclude that investing in this savings bond is not worthwhile.
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Another decision rule, which in many circumstances is equivalent to the
NPV rule is:

Accept an investment if its return is greater than the opportunity cost of capital

This is known as theinternal rate of return (IRR). The IRR is the discount
rate that makes the present value of the cash inflows equal to the present
value of the cash outflows. In other words, the IRR is the discount rate at
which the NPV is zero. Thus, if the rate at which the NPV is zero (the
IRR) is greater than the opportunity cost of capital, then we know that
the NPV at the opportunity cost of capital must be positive.

Example 5:

Problem
Calculate the IRR for the savings bond in example 4.

Solution
We want to find the discount rate that solves the following formula:

| 808BH81

" HPBB 6
o)

| S
The IRR in this case is #—é =)
| OBSHHLE 07

You could also find the IRR using your financial calculator — like we did
in section 3.3.3. We would do the following:

Background settings: 1 P/YR, END MODE. Then input the following:
N =5, PV =-75,000, PMT = 0, FV = 100,000 and ask for I% YR.
Answer: 5.92
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Since the IRR is less than the opportunity cost of capital of 8% it is not
worthwhile investing in this savings bond.

4 Valuing a stream of cash flows

Many financial instruments have multiple cash flows that occur at

different points in time. In section 3.3 we looked at valuing single cash
flows. Now we show how to value a stream of cash flows. Consider a
stream of cash flows: ! , today, ! , at period 1, ! , at period 2, and so on

upto ! | atperiod T. The present value of this cash flow stream is:

%
S L R WU S

(9 (g e s

This is known as the discounted cash flow (DCF) formula.

Notice that the present value of a stream of cash flows is just thesum of
the present values of each cash flow” This approach allows you to value
any cash flow stream, regardless of whether the cash flows are equal or
unequal. In the next few sections we learn shortcuts for valuing a stream
of equal cash flows.

NR*906197'Y" +1) ="#18*197'0
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4.1 Perpetuities

A stream of equal cash flows that go on forever is called a perpetuity. A

financial instrument which has this cash flow pattern is called a consol.

The British government issued such instruments until December 1926.
An investor purchasing a consol is entitled to receive interest from the
British government every year forever. Since these instruments never
mature they are still held by investors, albeit infrequently traded.

We could value a perpetuity by applying the present value formula

!
L. o _4m=" g
" # |

RN

However, this approach would take you forever Dliterally! Fortunately
there is a shortcut that can be used to value a perpetuity.

The present value, PV, of a perpetuity that pays a cash flow C at the end
of every period and with an effective per period interest rate r is:

oy |
=3

The present value of a perpetuity is an amount of money that, if you had
it today, would enable you to create the same set of cash flows as a
perpetuity. For example, suppose you invest an amount P in a bank
account. At the end of every period you can wit hdraw the interest you
have earned, C=r! P, leaving the principal, P in the bank. The present

value of receiving C in perpetuity is therefore the original principal that

was invested, P:%. Of course, we would have to assume that you can

do this forever!
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Example 6:

01 #
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The present value is: 1" =——— = | &SSP
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Example 7:
-"*01 #
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|

2"[+$&"

You could convert this into a perpetuity by doing the following:

Today:
Deposit $100,000 for one year at 5.00%

In one year:
Receive back the deposit of $100,000 plus $5,000 interest (5% $100,000)

Reinvest the $100,000 for another year at 5.00%
Spend the $5,000

You would do this forever!
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4.2 Growing perpetuities

Suppose the cash flows on a perpetuity grow at rate g. The first cash
flow is !, and rate g applies to every cash flow after that so that after ¢

periods the cash flow is ! , =! !(! +!) . The present value of this infinite

series of growing cash flows is:

# gy 1)

where: PV is the present value
C, is the first cash flow, occurring one period from today

r is the effective per period interest rate
g is the growth rate of the cash flows.

Notice that if ! =! the above valuation formula collapses to that for the
previous "vanilla" perpetuity.

Perpetuities and growing perpetuities may seem a bit strange to you.
You will see the power of these valuation techniques when valuing
shares inthis unit.
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4.3 Annuities

An annuity is a finite stream of equal cash flows paid at regular
intervals.  Annuities are amongst the most common kinds of financial
instruments. For example, many car loans, leases, pensios, and bonds
are annuities.

We could value a t-period annuity by calculating the present value of
each cah flow and finding the total. There is also a shotcut that can be
used to value a t-period annuity. The present value, PV, of an annuity
that pays a cash flow C at the end of the period for each of ¢ periods and
with a n effective per period interest rate r is:

PV ! | [I,—' |(|:—|)']

The expression in the square brackets shows the present value of $1 to be
received at the end of each of thet periods. It is known as the t-period
annuity factor.

A t-period annuity can be viewed as equivalent to a perpetuity with the

first payment made at the end of the first period less another perpetuity

whose first payment is made at the end of period t+1. The immediate
perpetuity net of the delayed perpetuity provides exactly t-periods.

Example 8:

-"*01 #

Someone promises to pay you $1,000,000 every year (at the end of the
year) for the next 15 years. The first payment will be one year from today.
The relevant effective annual interest rate is 7.0%. What does the time
line look like for this problem? What would you pay, today, for this
promise?!

!

#

I 1"HS%&H )1 +(,)-(/ N "HEY18& () %!+, *-9%./0%12 | 314'5%16Q



2"[+$&™
There will be cash inflows of $1,000,000 at the end of every year from year
1 to year 15.

You would pay the present value of this stream of cash flows. The present
value is:

AN TR [! !!!,, TG !! Y

] P g 1" 101

You could also find the present value using your financial calculator. We
would do the following:

Background settings: 1 P/YR, END MODE. Then input the following:
N=15,1%YR =7, PMT = 1,000,000, FV = 0 and ask for PV.

Answer: $9,107,914.01

Example 9:

-"*01 #

Show that the answer in Example 8 is the same as the difference between
the present value of the following two perpetuities. Perpetuity 1 pays
$1,000,000 at the end every year with the first payment made in 1-year.
Perpetuity 2 pays $1,000,000 at the end every year with the first payment
made in 16-years. The relevant annual effective interest rate is 7.0%.

2"[+$&™

$1,000,000

PV of perpetuity 1= =$14,285,714.29

! $
$1,000,000# 1

&
=$5,177,800.28
007 H1ro07)°

PV of perpetuity 2=

PV of perpetuity 1! PV of perpetuity 2 =$14,285,714.29! $5,177,800.28
=$9,107,914.01
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Example 10:

-"*01 #
How would the answer in Example 8 change if the payments start today?!

2"[+$&™

There are still 15 cash flows. The first cash flow is now paid at the
beginning of the first year and the last cash flow is now paid at the
beginning of year 15. In other words the first cash flow is paid today and
the last cash flow is paid at the end of year 14.

The present value is thus, $1,000,000 (today’s value of the first payment)
plus the present value of a 14-year annuity.

! !
rn | Lo )

Moo rogqun o [ ]! R

If you are using the time value of money functions on your financial
calculator you could change the background setting to end mode to
calculate the present value.

Here’s how you do it with a financial calculator.

Background settings: 1 P/YR, BEG MODE. Then input the following:
N=15,1%YR =7, PMT = 1,000,000, FV = 0 and ask for PV.

Answer: $9,745,467.99
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Example 11:

-"*01 #

How would the answer in Example 8 change if the payments start at the
end of year 67!

#

2"[+$&™

Again there are still 15 cash flows. The first cash flow is now paid at the
end of year 6 and the last cash flow is now paid at the end of year 20.

Notice that when we calculated the present value of the annuity with the
first payment at the end of year 1 in Example 8, that value was today’s
value on a timeline. In other words, the present value calculated from the
annuity formula or time value of money functions on your financial
calculator is the value one period before the first payment.

The first step is to calculate the value of the 15-year annuity at the end of
year 5 (i.e., beginning of year 6). We already did this calculation in the
solution to Example 8. The value was $9,107,914.01H

!

12)1+)C.I-.)3!(-1.5!;(-$5&+.1.2#.] #4&):#SE!.51.5;#01.2#.1(-0!A)!; (-$5&+.!
N181)#-HIKS5L5;#/L-1 #4&)!(4

A

"1 T Lo g g 1
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We can obtain the future value of a t-period annuity directly from the
present value of a t-period annuity. After obtaining the present value of
the annuity we then multiply itby (! ! 1)' to obtain the future value .

Specifically, the future value, FV, of an annuity that pays a cash flow C at

the end of every period for t-periods with an effective per period interest
rate r is:

" ES%8  H#S%&= 1" I 1IT"HS% & #S%& (I ! 1)’

1 I = | [:__I(IIT)L“]l a1

T {(!! DN ‘

Likewise, if we know the future value of a t-period annuity then we can
calculate the present value directly from the future value

" lofll N"#$% 8" #$%&
(1D

"o ES% 8" H$%E&
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Example 12:

-"*01 #
Using the same data as in Example 8, what would that series of payments

accumulate to at the end of year 157

2"[+$&™
The future value of this annuity is the future value of the present value
obtained from the solution to Example 8

B | o 1L L O I L B - - TR

We can check this with our annuity future value formula above or with a

financial calculator.

—" ey e e

T { T

Using a financial calculator we have:

Background settings: 1 P/YR, END MODE. Then input the following:
N=15,1%YR =7, PMT = 1,000,000, PV = 0 and ask for FV.

Answer: $25,129,022.01
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4.4 Growing annuities

Suppose the cash flows on at-period annuity grow at rate g. The first
cash flow is || and rate g applies to every cash flow after that so that

after t periods the cash flow is ! ",=! (! +1 )”! . The present value of this

finite series of growing cash flows is:

I(y"#l+0/f&
e 3 T

where: PV is the present value
I, is the first cash flow, occurring one payment date from
today
r is the per period effective interest rate
g is the growth rate of the cash flows
N is the number of periods.

Notice that if ! =! the above valuation formula collapses to that for the
previous Qrvanilla Oannuity.

Growing annuities aren't all that common. They sometimes arise in the
context of valuing mineral extraction projects where the price for the
extracted ore, or the costs of key inputs, is assumed to grow at some
conjectured rate.
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5 Different compounding periods

Here's yet another consequence of the time value of money: It matters,
from the point of view of value, when and how often you receive, or
have to pay, an amount of cash. Time is money!!

It is important to remember this in the context of interest rates and how
they are quoted. Every interest rate quoted has a compounding
frequency associated with it. If this is not stated explicitly confusion can

(and often does) arise about exactly what that interest rate means.

For example, imagine a bank pays a rate of 10% per annum
compounding semi-annually. This means that interest is paid twice per
year. A deposit of $1,000 in the bank would be worth
M) (1+#$#9  &I'HO after six months and I'#$%$ (¥ $&$96  “H"$'¢

at the end of year.

The future value of the deposit in one year can be written as

$1, 000§1+w§ =$1,000' 1.052 =1,102.50.

Now, if you deposited $1,000 at an effective annual interest rate of 10%
the deposit would be worth 1"#$$$! ("+ $%"$ I"#"$¢ at the end of the
year. Notice that the future value at the end of the year is greater with
semi-annual compounding than annual compounding. With semi -
annual compounding, interest is paid twice a year. [tOs important to
remember that the interest earned in the first six months also earns
interest. This is the interest on interest effect, which is what the notion of
compounding is all about.

Because! "#3$! " =!"#3$! "YU &="#$ %P4 a rate of 10% per annum
compounding seml-annually Is equivalent to an effective annual rate of
10.25%. That is, both interest rates are equivalent since they generate the
same future value. Hence, a rational individual would be indifferent to
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an interest rate of 10% per annum compounding semi-annually or an
effective annual interest rate of 10.25%.

In general, suppose you are quoted an annual interest rate of !,

compounding m times per year. For example, m=12 denotes monthly
compounding, m=4 denotes quarterly compounding, etc. The effective
annual interest rate, compounding only once per year, is EAR in the
following expression:

e 1 (11 L)

The left hand side of this formula is the future value of investing $1 for a
year at the effective annual rate. The right had side is the future value of
investing $1 for a year at a per annum interest rate of!, compounding m
times per year.

We canthen calculate the effective annual rate from the above formula:

g (1)

For example, an interest rate of 9% per annum compounding quarterly is

equivalent to an effective annual interest rate of (! ! '—) P

PIgIg# 1 1"1913083!1 1 . Notice that the effective annual rate is
numerically larger than the 9% per annum compounding quarterly
interest rate. This is because of the interest on interest effect as those
little payments of within -the-year interest themselves earn interest.

Why are these two interest rates equivalent? Because they generate the
same future value. In other words,

(! ! *) Lrrrg 1 TIgISH |
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The per annum semi-annual, quarterly, monthly and daily compounding
interest rates that are all equivalent to the same annual effective rate,
EAR, are given by the following set of equations:

P+l = +_!'$ (m = 2, that is, semiannually)
% ! 7§
[ o
= ;# +L g (m = 4, that is, quarterly)
% ! 7§
| ot
= 7!#! +|‘_ $ (m = 12, that is, monthly)
o -
| |l _ _
= 4S$+ 1 o (m = 365, that is, daily).
% !'H# &

These equations clearly show the interplay between the size of the
within -the-year interest payments (larger, smaller) and how often they
are being paid (less frequently, more frequently) to yield the same
annual effective rate, a. You should see a pattern in these relationships,
especially once you recognise that:

|
1+EAR :f#! +'|_! $ (m =1, that is, effective annual).
% - ¢
L

HISTIMITO.! .%";! 7'8! =%%-! '88)$%0! 7%;%/! | A*$%! $';@%98! *<%:;'9%! )-0%;! *97%:;!
1*-U%-9#*-81
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Example 13:

Problem

You are quoted an interest rate of 12% per annum compounding semi-
annually. What is the equivalent effective annual interest rate? What is
the equivalent per annum interest rate compounding monthly?

Solution

The effective annual rate is: I"# ! (! ! I—) I A A &

We can now compute the per annum rate compounding monthly from the
effective annual rate. To do that, we equate the future value of investing
$1 for a year at the effective annual to the future value of investing $1 for
a year at the per annum rate compounding monthly, 1\ and solve for !, .
In other words,

s 1 (11 o)

To solve for ri» , we first raise both sides of the above equation by II— to get

(! + Tl'—z) by itself.

That is,
I 12 /12
" L/ o
W Es )/ [(!! I) ]
"
HIMH#S%#" 1 1 ] e
Solving for !\ , we have 1M"#$%#" | 1 | 'l'— LV IN#$%#"  which is
the effective per month rate and ! ! PI"#$%#" 11" 1 11 17106%.

Notice that multiplying the effective per month rate by 12 gives us the per
annum rate.
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We could have also calculated the equivalent per annum rate
compounding monthly directly from the per annum rate compounding
semi-annually.

That is, we solve for |+ in the following equation

(10 55) = (1 +in)

Try it to see that you get the same answer!

In practical terms the compounding frequency, m, tells you two key
things about how to use that interest rate, !,,,, in present value and future
value calculations:

(1) always use the rate in its effective per period form. Where the

effective per period interest rate r is T+ and
m

(2) measure time not in years (unless m=1) but in the periods
specified by m.

This is particularly important when calculating present values and
future values of annuities and perpetuities. These next two examples
explore these ideas further.
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Example 14:
Problem

What is the present value of a $1,000 to be received in 5 years if the
relevant interest rate is 12% per annum compounding monthly?

Solution

In this case, we could first convert the per annum rate compounding
monthly to its equivalent effective annual rate or we could just calculate
the present value directly from the monthly compounding rate. Let’s take
the latter approach.

The number of monthly periods here is 60 (5 years ! 12 months). So the
e

present value is —
| 4+—

Example 15:

Problem

Someone promises to pay you $1,000 every month (at the end of the year)
for the next 12 months. The first payment will be one month from today.
The relevant effective annual interest rate is 12.36%. What is the present
value of this annuity?

Solution

Before using the annuity formula or the time value of money functions on
your financial calculator, we must first ensure the discount rate period
matches the periodicity of the cash flows. In other words, we must
convert the effective annual rate of 12.36% to its equivalent effective per
month rate. From Example 13, we know that the effective per month rate
that is equivalent to the effective annual rate of 12.36% is 0.97587942%.
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Now we can calculate the present value of this annuity. There are 12
monthly periods. So the present value of this annuity is

| |
T ' I :
oo T [! N1"4#$"%& -~ 1.1 97587942(1 .11 1"#$"1%& )" ]

You could also find the present value using your financial calculator. We
would do the following:

Background settings: 1 P/YR, END MODE. Then input the following:
N=12,1%YR =0.97587942, PMT = 1,000, FV = 0 and ask for PV.

Answer: $11,272.25

Previously we went as far as daily compounding. Suppose we keep
pushing this notion and consider more and more frequent
compounding. We could go to hourly, per minute, per second, etc. In
the limit, we are thinking about really small (infinitesimally sm all)
amounts of interest being paid really, really often (in continuous time).
The interest rate that pays in this way is called a continuously
compounding interest rate.

If compounding is continuous, then we can use the exponential function,
"' 1 to compute future values. With continuous compounding, the future
value of investing $1 for one year is #'! where e is a constant
approximately equal to 2.71828, and ", is the per annum continuously

compounding interest rate.
If we invest $1 for one year at the continuously compounding interest

rate that is equivalent to the effective annual rate, EAR, then the future
value of that $1 is given by:

# =] +$98"

I 1"HS%&H )1 +(,)-(/ N "HEY18& () %!+, *-9%./0%12 | 314'5%116!



If we know the future value of the $1 we invested, then we can compute
the continuously compounding interest rate by wusing the natural
logarithm, In. Applying the natural logarithm to both sides of the above
equation, we have:

L, =1" (#+#$ 0/<)$

In general, the per annum continuously compounding interest rate that

IS equivalent to a quoted per annum interest rate !, compounding m
times per year, is ", in the following: -

SRR Tt T

Example 16:

Problem

What is the per annum continuously compounded interest rate that is
equivalent to 8% per annum compounding daily? (Assume a 365-day
year).

Solution

M"7#81)8%8197%!'(5%=; #11+'1919T¥!) = !
N"7#81)8%8197%!'(5%=; #1!+'191979{4H) = xIn  y).!
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Continuously compounding interest rates may seem a little weird to you.

They are(!). But they play an extremely important role in finance,
especially in options theory. They are also used extensively by empirical
researchers and practising financial andysts because of a property,
observed again and again in data, that they are much more
symmetrically distributed than are the original once -per-period rates.

Unfortunately we rarely observe continuously compounding rates in
practice. They are really just another change of payment frequency, m,
which we played around with a few pages ago. That is, any given
effective annual interest rate, a (for which m=1), can be equivalently
re-expressed with a different payment frequency (m=2, m=12, m=365,
etc.). The quivalent continuously compounding rate has m! " and is
calculated using the In(E) function. Notice that, for a given effective
annual effective rate, the continuously compounding rate, r., will be
numerically the smallest since it has the greatest interest on interest
effect.

Example 17:

Problem
Complete the following table with equivalent rates.

Annual m Frequency
rate
Annually
Semi-annually
Quarterly
12% Monthly
Daily

Continuously
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Solution

Here is the solution to this problem. I invite you to calculate the

equivalent rates.

Annual rate m Frequency
12.6825% 1 Annually
12.3040% 2 Semi-annually
12.1204% 4 Quarterly

12% 12 Monthly
11.9424% 365 Daily
11.9404% 00 Continuously

Observe that the table was “seeded” with a single number. All the
other rates you calculated are equivalent, in an annual effective

sense, to that original rate.
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Continuously compounding discount factors and future value

factors look different from their per period effective cousins.
Suppose ", is a per annum continuously compounding interest

rate. Then the present value,PV, of a cash flow ", to be paid or
received T years from now is:

$%=8&," "'

Similarly, the future value, FV, in T years time of a cash flow ! , to
be paid or received today is:

$%=&! "*.
Notice that when we calculate present values and future values

with continuously compounding interest rates we measure time in
years (or fractional years).

Example 18:
Problem
What is today’s value of $10,000,000 flowing in 3% years time if the

relevant interest rate is 4.75% per annum continuously compounded?

Convert this rate to its equivalent effective annual rate and show that the
answer is the same.

Solution

Using continuous compounding we have:
!Il :!ll#w #%&()%:|*%*$8891/0’
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We now calculate the equivalent effective annual rate by equating future
values in one year: ''"# 1 1 +1"# | The EAR is therefore ' "'#% |
LLT#'$

When calculating the present value using the effective annual rate we get:
\ TR
the continuously compounded rate.

"ot wt WL which is the same as when we used

Example 19:

Problem

What is the future value of $5,000,000 (a today amount) in 7% years time
if the relevant interest rate is 2.50% per annum continuously
compounded?

Convert this rate to its equivalent effective per quarter rate and show that
the answer is the same.

Solution

Using continuous compounding we have:

=1 BSHAES T =1 () 4 1ok

We now calculate the equivalent per annum rate compounding quarterly
by equating future values in one year: V' *#® 1 11 1" . The EAR is
therefore | ' 1 11 11"#"$

When calculating the present value using the effective annual rate we get:

N g (e o
" e bW WL which s the same as when we used

the continuously compounded discount rate.

1. Using continuous compounding: FV =$5,000,006"° "*°= $5,993,574.

r," _0.025
$_—

I P I
Hl+ -2 o= t A+ -4
We have 4In§% 4$—0.02 or Inﬁ% A 2
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After applying the exponential function to both sides of the above
equation, we have:

r
144 = 00254

Therefore, r, :4(e°'°254! 1): 2.5078%p.a.(quarter!

Using discrete compounding:

" 7.23 4§
FV 85,000,006 3002507807 o s era
4 %

I 1"HS%&H )1 +(,)-(/ N "HEY18& () %!+, *-9%./0%12 | 314'5%UN



6 Useful Excel functions

While time value of money calculations can be done with a financial
calculator, it is often much more convenient to do them using a
spreadsheet program. Spreadsheet programs such as Excel have built in
functions to solve arange of time value of money problems problems.
You can find these functions by pressing fx on the Excel toolbar and
looking under the heading OFinancial®. When you click on the function
that you wish to use, Excel will ask you for the required inputs. You will
find a Help facility at the bottom of the function box with an example of
how it is used.

Here are some examples of useful Excel functions to solve time valueof
money problems. Note that for all of these functions, cash outflows are
entered as negative values and cash inflows are entered as positive
values. Interest rates should be entered as a decimal value.

FV: Calculates the future value of either a single cash flow or annuity,
given the present value, effective per period interest rate, number of
periods and per period payment.

PV: Calculatesthe present value of either a single cash flow or annuity,
given the effective per period interest rate, number of periods, per period
payment and future value.

RATE: Calculates the effective per period interest rate, given the present
value, future value , number of periods and per period payment.

PMT : Calculates the payments per period for an annuity, given the
present value, future value, effective per period interest rate and number
of periods.

NPER: Calculates the number of periods, given the present value, future
value, per period payment and effective per period interest rate.
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EFFECT: Calculates the effective annual interest rate, given a per annum
interest rate compounding m times per year.

NOMINAL : Calculates the per annum interest rate compounding m
times per year, given the effective annual interest rate and the
compounding periods per year.

IRR: Calculates the internal rate of return of return of a series of cash
flows. ExcelOs IRR function has the format, IRR(values, guess), where
OvaluesO is the range containing the cash flows and OguessO is an
optional starting guess where Excel begins its search for an IRR There
are three things to note about ExcelOs IRR fiction: 1) the values given to
the IRR function should include all cash flows, including the cash flow at
date 0; 2) The IRR function ignores the period associated with any blank
cells. It is therefore recommended to enter the value O for periods with

no cash flows; and 3) in some cases the IRR function may fail to find a
solution, or may give a different answer, depending on the initial guess.

NPV : Calculates the present value of a stream of cash flows, given the
effective per period interest rate. There are two warnings with ExcelOs
NPV function : 1) The NPV function calculates the present value of the
cash flows at date 1. Therefore, if a projectOs first cash flow occurs at date
0, we must add it separately; and 2) The NPV function ignores the period
associated with any blank cells. It is therefore recommended to enter the
value O for periods with no cash flows.
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